Only the first three symmetric free vibration modes were used in the development of the NDOF dynamic model, but these were shown to be sufficient to capture the critical aspects of the dynamics. The modal data for these three vibration modes are given in Table 3 , along with the data sources. The values from the UMN GVTs highlighted in bold were used in the dynamic modeling. The mode shapes for these three symmetric modes, obtained from the FEM, are shown in We will revisit these mode shapes again many times. But note here that the first mode is characterized by nose-down pitch/torsion in phase with wing-tip-down transverse displacement.
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Plus the bending and torsion in the first and third modes involves displacements of the vehicle center body as well as the wings.
As noted in Ref. 4 , one can mathematically describe the instantaneous shape of the structure in terms of free-vibration mode shapes and modal coordinates. That is, given sufficiently Center Body large n, the instantaneous elastic deformation d E of the vehicle's structure at some location p on the undeformed vehicle can be expressed in terms of the n vibration mode shapes evaluated at location p, or ν i (p) and the n time-dependent vibration modal coordinates η i (t), or
When all η i = 0, therefore, the vehicle is in its undeformed shape.
The system states in the NDOF dynamic model associated with the n elastic degrees of freedom are chosen as these vibration modal coordinates η i (t). Furthermore, from Lagrange's equation, these n modal coordinates are governed by n second order differential equations of the following form
where The NDOF dynamic model used includes the first three symmetric vibration modes, so here n = 3.
The linear NDOF model for the longitudinal dynamics takes the form given in Eqns. 3 below, with the first four states corresponding to the three rigid-body degrees of freedom, while the last six states correspond to the three elastic degrees of freedom. In the absence of unsteadyaerodynamic effects, there are no additional states associated with lagged aerodynamic. Also, this model is for the "bare airframe" only. Actuator dynamics are added later. Note the natural partitioning of the system into inertially decoupled rigid-body and elastic subsystems. The terms Z η , M η , and Ξ • are the dimensional aeroelastic stability derivatives, which capture the aerodynamic coupling between all the degrees of freedom. These derivatives are functions of flight condition, mass properties (including generalized masses), and the vibration mode shapes discussed above.
The Flutter Characteristics
Now consider Fig. 6 , showing the dynamic-pressure root locus for the model just described. The eigenvalues of the system (A) matrix are shown for seven flight velocities between branches are identified according to their genesis mode of pure rigid-body mode or pure freevibration mode with no aerodynamic forces. But to be clear, all the modes involve coupling through the aerodynamics, and hence are not pure short period, pure vibration, etc.
Next consider the branch labeled "Short Period." As the flight velocity, or dynamic pressure, increases, the natural frequency and damping of this mode both increase. The next branch labeled "1 st Bending" begins at the pole from the first symmetric-bending vibration mode, almost on the imaginary axis at 34.6 rad/sec, and as flight velocity increases this branch eventually crosses the imaginary axis. This axis crossing corresponds to the BFF condition, which here occurs at a flight velocity of approximately 47 kt and with a frequency of 27.5 rad/sec (4.4
Hz). Table 6 below. The lowest frequency mode is the Phugoid, while the next higher-frequency is a shortperiod-like mode, discussed further below. The presence of the three aeroelastic modes is indicated by the three sets of higher-frequency dipoles (pole-zero pairs) in each of these transfer functions. The two "highest-frequency" zeros in the acceleration transfer function are effectively at infinity in the complex plane.
The second mode, with a natural frequency of around 18 rad/sec, is not a classical shortperiod mode. This mode's eigenvector or mode is depicted in Fig. 7 . Note that unlike a conventional short-period mode shape for a rigid vehicle, the second largest contributor to this modal response is centerbody pitch rate due to the first elastic degree of freedom, indicated by  θ E1 . So as in a true short-period mode, there is virtually no surge velocity u rig present in this mode, the mode is dominated by the rigid-body (i.e., mean axis) pitch-rate response of the vehicle q rig , and the phase relationships between rigid-body pitch rate, pitch attitude, and angle of attack are as in a conventional short-period mode. But this elastic-short-period mode is a highly coupled rigid-body and elastic mode. 
rigid-body/elastic mode, but dominated by the centerbody elastic pitch-rate deformation associated with the first elastic (bending-torsion) degree of freedom,  θ E1 . The next largest contributor to this modal response is the rigid-body pitch rate (mean axis) q rig , and there is again virtually no surge velocity u rig present in this modal response. So as with the elastic-short-period mode in Fig. 7 , this first aeroelastic mode also exhibits extensive rigid-elastic coupling.
Figure 8, Coupled First and Second Aeroelastic Mode Eigenvectors (Mode Shapes)
The next-highest-frequency mode is the second aeroelastic mode (AE Mode 2), with an undamped natural frequency of approximately 104 rad/sec. This mode's eigenvector (or mode shape) is also depicted in Fig. 8 . Recall the genesis of this mode was a pure torsional vibration mode. This mode is now also a coupled rigid-body/elastic mode, but is dominated by the centerbody pitch-rate associated with the second elastic (torsion) degree of freedom  θ E 2 . The next largest contributors to this modal response are the rigid-body pitch rate q rig and the elastic pitch rate associated with the first elastic degree of freedom  θ E1 . It is interesting to note that in this modal response the centerbody-pitch-rate associated with the first two elastic degrees of freedom  θ E1 and  θ E 2 are almost perfectly in phase, while the rigid-body pitch rate q rig is almost 180
degrees out of phase with these two elastic responses. This second aeroelastic mode also exhibits significant rigid-elastic coupling.
The last mode is the third aeroelastic mode (mode shape not plotted) with an undamped frequency of 146 rad/sec, and it is almost entirely elastic centerbody-pitch-rate deformation associated with the third elastic degree of freedom, or  θ E 3 . So this is almost a pure elastic mode. Now consider Fig. 9 , which shows the centerbody-pitch-rate step responses from a negative-one-degree elevator deflection δ 3 , from the three different dynamic models. The These modal characteristics clearly indicate that the vehicle is very flexible, and that the rigidbody and elastic degrees of freedom are highly coupled. And in addition to the system now being unstable, these eigenvectors differ significantly from those shown in Figs. 7 and 8. Most notably, although it appears that an "elastic-short-period mode" is still present, in this mode the response is increased; and in the second-aeroelastic (torsion) mode, the dominant response is now that associated with the rate of change of the first elastic degree of freedom  θ E1 , plus the rigid-body pitch rate is now in phase with the two elastic response rates. So with increased flight velocity, there is more coupling between the rigid-body and elastic degrees of freedom in the modes, and the phase relationships in the mode shapes between the various degrees of freedom are modified. 
Actuator-Sensor Pair Selections
The overall approach to be taken in the control synthesis is motivated by the concept known as Identically Located Force and Acceleration (ILAF), successfully utilized in the development of the active-structural-mode control system on the B-1 aircraft (Ref. 8) , and others.
ILAF essentially states that a force applied to a point on the structure proportional to the velocity of the structure measured at the point of application of the force will increase the damping of all structural modes. This concept is powerful since it does not rely on precise knowledge of the structural mode shapes, which are difficult to predict accurately and change with changes in mass distribution and stiffness properties of the structure.
The basic idea behind ILAF stems from Eqn. 2 above, or
where all the terms in this equation are defined below Eqn. 2. Recall that this is the equation of motion governing the i'th elastic degree of freedom associated with the i'th free-vibration mode of the vehicle's structure. The generalized force Q i exciting this degree of freedom is due to the forces acting on the vehicle. Now consider some point force F acting on the structure at location x F , y F , z F on the undeformed vehicle. The generalized force in this case can be expressed in terms of the dot product between the applied force F and the vibration mode shape (expressed as a vector quantity), or
where the mode shape ν i was introduced in Eqn. 1.
Now assume that the force F is strictly proportional to the local velocity of the structure measured at the point x F , y F , z F . Or in terms of the structural deformation d E in Eqn. 1, let
where K is some negative constant of proportionality, and the time rate of change of d E is taken with respect to the vehicle's body-fixed coordinate frame. So from Eqn. 1 again we see that this force F may be written as
And therefore, the generalized force Q i becomes simply
with ′ K strictly non positive and K j = 0 for all j ≠ i if the mode shapes are orthogonal.
Now if one inserts this expression into Eqn. 5 above for the i'th mode, we see that the damping of this elastic mode will always be increased unless F happens to be applied at a node where ν i (x F ,y F ,z F ) = 0. And in like manner the damping of all i elastic modes will be increased. Of course the practical issues include the measurement of the local velocity of the structure, the application of a point force, and the finite bandwidth of the force actuator.
From the discussion in Sections 3 and 4 above, one can observe that the crux of the fluttersuppression problem for this vehicle is the interactions between the vehicle's rigid-body pitching and the first symmetric bending/torsion mode, as well as the second flutter condition involving the second symmetric torsion mode. And a key will be the judicious selection of sensor-actuator combinations to be used. This selection will be guided by the ILAF concept and accomplished via logic and basic feedback techniques, rather than any mathematic algorithms. The thought process is as follows:
1. We seek to increased damping of all aeroelastic modes and to do so robustly against changes in mass distribution and/or stiffness properties -so we will apply ILAF.
2. The increased damping realized through the application of ILAF is theoretically achieved regardless of the point of velocity measurement and force application on the structure. But the co-located force and measurement will be most effective at damping modes with mode shapes such that the modes are both highly observable in the velocity measurement and highly controllable from a force applied at that location. That is, the location chosen on the structure for measurement and force application should not lie near node lines for particularly troubling (e.g., unstable) modes.
3. The BFF condition involves the interactions between the vehicle-pitching mode (elasticshort-period) and the first aeroelastic mode that involves both bending and significant pitching/wing twist (see Fig. 3 ). And of course, the elastic-short-period mode involves pitching of the center body and wing. Finally, as suggested by the vehicle mode shape in 8. With regard to this second loop closure, note from the mode shape (Fig. 4 ) that this firsttorsion mode will be very observable in wing-tip twist measurements and very controllable from the outboard control surfaces, which impart a twisting torque on the wing. So closing a loop on wing twist to the outboard surfaces should be effective at augmenting the second aeroelastic mode.
9. This assertion is verified by the root locus shown in Fig. 12 (same flight condition: 50 kt, 3000 ft altitude), which corresponds to symmetric wing-twist acceleration fed back to the outboard surfaces. Note that this second loop closure is not a true ILAF loop, as Elastic Short Period BFF Stabilized discussed earlier under Item 5 above, plus twist acceleration is being fed back, rather than twist velocity. So the damping of all modes may not be increased, but the torsion-mode damping will be significantly increased, as desired. Note that this loop closure also tends to stabilize the BFF, but that is not its primary purpose. With a low loop gain the damping of the first torsion mode should be sufficiently increased, without excessively destabilizing the elastic-short-period mode. Differencing the two wing-tip accelerometers, one at the wing's leading edge and one at the hinge line of the outboard control surface may be used to sense wing-tip twist acceleration.
Consequently, a properly tuned control scheme that both feeds back center-body pitch rate to the body flaps as well as differenced wing-tip accelerometers to the outboard control surfaces should be effective at both suppressing BFF as well as increasing the damping of the first-torsion mode as needed. Plus, there is an additional benefit of feeding pitch rate to a pitch control surface.
It is known (c.f., Ref.
3) that such a feedback loop is both effective at increasing the damping of a conventional short-period mode, plus it preserves conventional aircraft-like dynamics. This is in contrast to some attitude controllers that contaminate conventional aircraft-like modal characteristics. Hence, the pitch-rate-feedback loop is also effective as a rigid-body stabilityaugmentation system (SAS). Therefore, the control architecture depicted in Fig. 13 is proposed, and will now be consider in more detail. 
Control-Law Synthesis and Analysis
This analysis addresses both the 50 kt and 60 kt flight conditions, the first one being below the torsion flutter speed and only the BFF condition is unstable. Only the 50 kt case will be considered in detail here, with the results for the 60 kt flight condition summarized later.
Conventional frequency-domain techniques and successive loop closure will be employed.
Recalling that closure of the pitch-rate/body-flap loop minimally affects the torsion-mode roots, plus observing that the wing-twist loop will have the higher crossover frequency of the two loops, suggest that addressing the augmentation of the torsion mode first is advisable.
Bare-Airframe Only -50 Knots
Ignoring the actuators for now, we take the transfer functions a(s) in Fig. 12 to be unity. It is interesting to now consider the modal characteristics of the augmented vehicle, as depicted in Fig. 16 . The eigenvalues listed in Table 7 are included, to help identify the modes.
Note that the modes are ordered in this figure to be consistent with the ordering in Fig. 10 , and the modal characteristics here differ from those of the unaugmented vehicle given in Fig. 10 . Most notably, in addition to the system being stabilized, the character of the modes has changed considerably. The rigid-body pitch rate is no longer the dominant response in the former elasticshort-period mode, and there is less rigid-body-attitude and angle-of-attack responses in this mode as well. So this mode has less overall rigid-body response in it, when compared to the corresponding mode in Fig. 10 , hence this mode no longer dominates the rigid-body response. In contrast, the participation of the rigid-body degrees of freedom (q rig , θ rig , and α rig ) have all increased in the now-stabilized BFF mode. Furthermore, if one considers just the portion of the phasor diagram for this mode that is associated with these three rigid-body responses (i.e., ignoring the θ E1 and  θ E1 components), it is very similar to the phasor diagram for a conventional short-period mode for a rigid aircraft. Hence this mode now dominates the vehicle's rigid-body response and has become the new elastic-short-period mode. But the dominant response in this mode is that associated with the first elastic degree of freedom, far different from any conventional short-period mode.
Effect of the Actuators -50 Knots
All the results above only considered the dynamics of the bare airframe. They do not Once again, these margins are limited by the high-frequency phase loss from the actuators. Only the Phugoid mode now remains unstable. The closed-loop eigenvalues are given in Table 8 . This pitch-rate response should be compared to similar responses in Fig. 9 , or the pitchrate responses for the rigid and flexible model at the slower flight velocity of 60 fps. Except for some small aeroelastic oscillations, the pitch-rate response shown in Fig. 21a is very similar to that for the residualized model in Fig. 9 , which is the response of the flexible vehicle with the aeroelastic modes forced to remain in static equilibrium. The similarity between these two sets of pitch-rate responses is also very encouraging.
The body-flap deflection in Fig. 21a mirrors the pitch rate, as expected, and the outboardflap deflection indicates the active damping of the second aeroelastic (torsion) mode. These control-surface deflections do not appear excessive.
6.3.Additional Filters
With a constant pitch-rate-feedback gain in the pitch-rate loop the body-flap deflection tracks the center-body pitch rate, as just noted. And in a sustained maneuver this sustained body- With regards to the tip-twist loop, accelerometer outputs are being fed back and such outputs tend to be noisy at high frequencies. One would usually not like to drive the actuators with such a signal, so a low-pass filter could be used in the feedback path to alleviate such a situation. In addition, a low-pass filter provides the additional benefit of gain stabilizing highfrequency unmodeled elastic modes. But the corner frequency of the filter would have to be high enough to maintain the loop's performance (i.e, the increase in torsion-mode damping) already limited by the actuator phase loss. So in our case this corner frequency must be higher than we might typically prefer. 
Summary of Loop Parameters
In the 60 kt flight condition it is noted that the BFF condition is more unstable and the second aeroelastic (torsion) mode is now unstable as well. Following the tuning process discussed in Secs. 6.2 and 6.3, and including the filters just discussed, the key control parameters are summarized in Table 9 . Note that with the higher instabilities at 60 kt, the stability margins are reduced. The closed-loop eigenvalues at 60 kt are given in Table 10 . The negative-one-degree elevator step responses of this closed-loop system are depicted in
Figs. 23a and 23b, which show the center-body pitch rate, body-flap and outboard-flap deflections, rigid-body angle of attack, and plunge acceleration at the cg. As in the 50 kt case, the pitch response is dominated by the new elastic-short-period mode, which now has a damping ratio of about 0.42 and an undamped natural frequency of over 30 rad/sec. The washed-out pitch rate and body-flap deflection are evident as well in Fig. 23a . The rigid-body AOA response in Fig.   23b is not as clean as that shown in Fig. 22b for 50 kt. There is more evidence of aeroelastic response in both the pitch rate and rigid-body AOA, but this is not surprising given the higher open-loop BFF instability and the large participation of the elastic degrees of freedom in the new elastic-short-period mode. Again, the control-surface deflections are modest.
Conclusions
An integrated control law was developed for the stability augmentation (SAS) and active flutter suppression (AFS) of a flexible, flying-wing research drone. A previously developed n-degree-offreedom (NDOF) math model of the longitudinal dynamics was utilized in the control-law synthesis and analysis. Although the vehicle is statically stable in pitch, it is predicted to exhibit BFF involves the aeroelastic interactions between the rigid-body and elastic degrees of freedom; hence the control laws must simultaneously address both rigid-body stability augmentation and flutter suppression. The overall approach taken in the control-law synthesis was motivated by the concept known as Identically Located Force and Acceleration (ILAF. This concept is powerful since it does not rely on precise knowledge of the structural mode shapes, which are difficult to predict accurately and change with changes in mass and stiffness properties of the structure.
The crux of the flutter-suppression problem was shown to be the interactions between the vehicle's rigid-body pitching and the first symmetric bending/torsion (pitch) mode, as well as the interactions between these modes and the second symmetric torsion mode. Based on these facts and consideration of the vibration mode shapes and available control surfaces, ILAF and conventional SAS techniques suggested two loop closures -feedback of center-body pitch rate to the body flaps and feedback of blended wing-tip accelerometers (wing torsion) to the outboard wing control surfaces. Analysis was performed at two flight conditions, first at a 50 kt flight velocity, below the second flutter speed so only the BFF condition was unstable, and a second at 60 kt that exhibits two flutter conditions. It was confirmed that these two feedback loops robustly stabilized both flutter conditions, and they were also shown to appropriate affect the modal characteristics of the longitudinal dynamics, leading to quite reasonable vehicle attitude response.
A washout filter was also employed to tailor the low-frequency response and stabilize the Phugoid mode, and the control deflections do not appear excessive. The critical factors limiting
